
Lecture 2

Lecturer: Doron Puder
Preliminary Scriber: Karthik C. S.

Scribe Upgrader:

1 Steps of the proof

1.1 Step 2: Convex combination of characteristic polynomials of 2 cover

Let ∆2(G) be the simplex with 2|E(G)| vertices corresponding to all 2 covers of G. We denote
by Φ the characteristic polynomial, then we have,

∀q ∈ ∆2(G), q := (µ1, . . . , µ2|E(G)|),Φq =
∑

2-cover

µiΦi(Asgn(Hi))

We will now see an example∗.

1.2 Step 3: A real rooted zone in ∆2(G)

Theorem 1 (MSS15). If q ∈ ∆2(G) where the distribution of every edge is independent of all
the other edges then Φq is real rooted.

∗Picture credit goes to Avi Cohen
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Let |m = E(G)|. We refer to the example previously seen and note that we can associate
the point (0, 0) to H4, (0, 1) to H3, (1, 0) to H2, and (1, 1) to H1. Therefore for any point
(p1, p2) in [0, 1]2, we have:

Pr(H1) = p1 · p2,Pr(H2) = p1 · (1− p2),Pr(H3) = (1− p1) · p2, and Pr(H4) = (1− p1) · (1− p2).

Thus, the coordinate (1, 0.5) corresponds to the polynomial x2 − 2x − 1 (the average of
x2− 4x+ 3 and x2− 5). Now we proceed to building the ingredients needs to prove Theorem 1.

Lemma 2. If f ∈ R[x] of degree n and g ∈ R[x] of degree n − 1 then f and g interlace if and
only if f + tg is real rooted for all t ∈ R..

We introduce some notations.

Let H be the set of Hermitian matrices defined as:

H(n) = {A ∈Mn(C) | A? = A}.

Let U be the set of Unitary matrices defined as:

U(n) = {B ∈ GLn(C) | B? = B−1}.

Note that if A ∈ H(n) and B ∈ U(n) then BAB−1 ∈ H(n).

Lemma 3. If A ∈ H(n) and v ∈ Cn then Φ(A) and Φ(A+ vv?) interlace.

Proof. Without loss of generality we can assume that v = ei · η, where ei is a standard basis
vector. Note that for all t, we have Φ(A+ tvv?) is real rooted. Then,

det

(
xI −A

(
t|η|20 · · · 0

0

))
= det(xI −A)− t|η|2det(xIn−1 −A1,1),

where A1,1 is the 1,1 minor of A. By Lemma 2, we have that Φ(A) and Φ(A1,1)− |η|2 interlace.
Moreover, as t decreases, the roots of Φ(A + tvv?) move monotonically (as seen in the reverse
direction of proof of Lemma 2, which we skipped).

1.3 Step 4: Finding a “Ramanujan point” in ∆2(G)

Theorem 4 (Heilman-Leib72, Gudsil-Gutman81). The center of ∆2(G) is Ramanujan (i.e.,
Φcenter is real-rooted and all roots are in [−ρ, ρ])

Note that the center point is defined as follows:

Φcenter = E2−coversdet (xI −Asgn(H))

=
∑
σ∈Sn

sgn(σ)EH(some matrix that is generalized diagonal )

If σ contains a zero entry, this means the expectation is 0. If σ contains (i, j) but not (j, i),
this means the expectation is 0. Therefore we can conclude that the expectation is non-zero if
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and only if σ corresponds to some matching in G with ` edges and then the expectation is equal
to Xn−2`. This means that Φcenter is the matching polynomial of G,

Φcenter =
∑
σ∈Sn

sgn(σ)EH(some diagonal matrix)

=

bn
2
c∑

`=0

(−1)`M`X
n−2`

Lemma 5 (Heilman and Lieb, 1972). The matching polynomial of G is real rooted with roots
in [−ρ, ρ].

1.4 Step 5: Interlacing polynomial

In the example previously seen, we know the point (0.5,0.5) is real rooted. Consider the line
between (0,0.5) and (1,0.5). All points on this vary only on the first coordinate (i.e., only on
one coordinate), and thus the distributions on this line remain independent. Moreover, the line
consists of interlacing polynomials so we can use the interlacing lemma and as a corollary we
get that the maximal root of Φ(0.5,0.5) gets smaller as we move in one direction.

Remarks. We cannot always find a vertex that beats the center point on both sides.

3


	Steps of the proof
	Step 2: Convex combination of characteristic polynomials of 2 cover
	Step 3: A real rooted zone in 2(G)
	Step 4: Finding a ``Ramanujan point'' in 2(G)
	Step 5: Interlacing polynomial


